Abstract. In this paper, we prove that the existence of global attractors in the phase space H 0 = H 1 (Ω) × L 2 (Ω) for wave equation of Kirchhoff type with nonlinear dissipation and memory term at boundary. To this end, we first obtain an bounded absorbing set by the perturbed energy method (see Zuazua [9, 22] , combined with techniques from Munoz Revera [13] ). Then we utilize an especial method of decompose to verity the asymptotic compactness for the problems.
Introduction
In this paper, our main purpose is to study the existence of global attractors for a nonlinear wave equation of Kirchhoff type with nonlinear damping and memory term at boundary. To formalize this problem let us take Ω a open bounded set of R n with smooth boundary Γ and let us assume that Γ can be divided into two non-null parts Γ = Γ 0 ∪ Γ 1 , Γ 0 ∩ Γ 1 = φ, and Γ 0 , Γ 1 have positive measure. Let us denote by ν(x) the unit normal vector at x ∈ Γ outside of Ω and let us consider the following initial boundary value problems:
u tt − M ( ∇u 2 )∆u − α∆u tt − ∆u t + f (u) = h(x) in Ω × (0, ∞), (1.1) u = 0 on Γ 0 × (0, ∞), (1.2) M ( ∇u 2 ) ∂u ∂ν + α ∂u tt ∂ν + ∂u t ∂ν + u + u t + g(t)|u t | ρ u t = g * |u| γ u on Γ 1 × (0, ∞), (1.3) u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x) in Ω. (1.4) Here, α > 0, h(x) ∈ L 2 (Ω),
, g * u = t 0 g(t − r)u(r)dr and 0 < γ, ρ ≤ 1 n − 2 if n ≥ 3 or γ, ρ > 0 if n = 1, 2. (1.5) Problems (1.1)-1.4) has its origin in the mathematical description of small amplitude vibrations of an elastic string [15] . In fact, a mathematical model for the deflection of an elastic string of length L > 0 is given by the mixed problem for the nonlinear wave equation
∂x 2 f or 0 < x < L, t ≥ 0, (1.6) where u is the lateral deflection, x the space coordinate, t the time, E the Young's modulus, ρ the mass density, h the cross section area and p 0 the initial axial tension. Kirchhoff was the first to introduce (1.6) in the study of oscillations of stretched strings and plates, so that (1.6) is called the wave equation of Kirchhoff type after him. There is an extensive literature on the study of wave equation of Kirchhoff type. For example, the existence of global solutions and exponential decay to problem (1.1) and (1.2) with ∂Ω = Γ 0 and f (u) = h(x) ≡ 0 has been investigated by many authors [12, 14] .
On the other hand, there exists a large body of literature regarding viscoelastic problems with the memory term acting in the domain or in the boundary. Among the numerous works in this direction, we can cite Santos [19, 20] . Cavalcanti et al. [2, 3] studied the existence and uniform decay of strong solutions of wave equation with nonlinear boundary damping and memory source term. Park et al. [17] have been investigated the existence and uniform decay of the solutions of (1.1)-(1.4) with M (s) = 1 + s and f (u) = h(x) = α ≡ 0. While Bae et al. [1] have been obtained the same results for problems (1.1)-(1.4) with M (s) = 1 + s and f (u) = h(x) ≡ 0.
As far as dynamic is concerned the existence of the global attractors for wave equations with nonlinear damping and memory term acting in the domain is study by authors(for example, see [4, 8, 18] and the references therein). Also, there exist some literature considering the same questions for nonlinear damping acting on the boundary (for example, see [5, 6, 7, 10] ). It is important to mention that Papadopoulos and Stavrakakis [16] have been investigated the existence of global for nonlinear Kirchhoff equation on R N . In the present paper, our main goal is to show the existence of global attractors for problem (1.1)-(1.4). It is well known that the proof of the existence of a compact global attractor for the semigroup will follow the traditional scheme (see, for example, [11, 21] ). A compact global attractor exists if and only if the semigroup has a bounded absorbing set and is asymptotically compact. To obtain bounded absorbing set we used the perturbed energy method, see Zuazua [9, 22] , combined with techniques from Munoz Revera [13] . Generally, one can obtain asymptotically compact by decompose the solution operator into a compact part and a asymptotically small part. However, there are additional difficulties when proving asymptotically compact because M ( ∇u 2 ) is nonlinear. To overcome the difficulty, we utilize a especial method of decompose to verity the asymptotic compactness for problem (1.1)-(1.4).
Preliminaries and main result
Now let us introduce the functional spaces. Let
which equipped with the topology given by the norm ∇· L 2 (Ω) is a Hilbert subspace of H 1 (Ω). We denote
and let
Let λ Ω > 0 and λ Γ > 0 are two constants such that for
Let us make some hypothesis for function f , M and g:
and f is super-linear, that is
for some δ > 0 and K 0 > 0 with the following growth condition:
We define the energy e(t) of problems (1.1)-(1.4):
Applying almost the same argument as that used to in [1, 2, 3, 17] we can show the well-posedness of problems (1.1)-(1.4):
Lemma 2.1 allows us to define the semigroup S t . For every t ≥ 0, we define the operator S t mapping H 0 into itself by Our paper is organized as follows: in section 3, we shall show the existence of absorbing set in H 0 , and in section 4, we shall show the asymptotic compactness for the semigroup S t .
Absorbing set in H 0
In this section we shall show that the semigroup S t has a bounded absorbing set, i.e., a bounded set B ⊂ H 0 satisfying the following condition: for any bounded A ⊂ H 0 there exists t(A) > 0 such that S t A ⊂ B for all t ≥ t(A).
Theorem 3.1 There exists a bounded absorbing set B for the semigroup S t in H 0 .
To this end, let us make some preliminaries. Firstly, let us denote by
ds, (3.1) a simple computation gives us
ds.
Thus we get
Next we introduce the following modified energy:
3) and let us define the perturbed modified energy, for every ε > 0,
where
Applying Cauchy-Schwarz inequality and assumption (2.4), we get
,
, α}. Thus we get
Proof Multiplying equation (1.1) by u t we get 
(3.9)
From (3.4), (3.8) and (3.9) it follows that
(3.10)
We now majorize the right-hand side of (3.10). Firstly, using Schwarz's inequality and Young's inequality, we get the following five inequalities:
14) and
On the other hand, applying Young's inequality and (3.2), we get
Thus, from (3.10)-(3.16) and considering ρ = γ we get
−ε u(t) On the other hand, for C 1 = 2(1 − 2η), η = 2
, we have
and
we obtain
For each 0 < ε ≤ ε 1 , then (3.20) implies that
Thus by (3.17) and (3.22) we get
The proof of Lemma 3.2 is completed.
Proof of Theorem 3.1 Let ε 0 = min{ 1 2λ0 , ε 1 } and let us consider ε ∈ (0, ε 0 ]. As we have ε < 1 2λ0 , we conclude from (3.6) (
and so 1 2
From (3.7) and (3.24) it follows that
By Gronwall's inequality we get
The proof of Theorem 3.1 is completed.
Asymptotic compactness
By definition, the semigroup S t is asymptotically compact if for any bounded A ⊂ H 0 and any ε > 0 there exists a precompact set K ⊂ H 0 and a time t such that dist(S t A, K) < ε.
To establish the asymptotic compactness of the semigroup generated by problem (1.1)-(1.4) we adopt the general scheme( [11, 21] ). The idea is to decompose the solution operator into two parts:
where V t is a contraction in the sense that V t (u 0 , u 1 ) → 0 as t → +∞ uniformly in (u 0 , u 1 ) ∈ A, and W t is a compact mapping for all t. Then choosing t sufficiently large so that V t (u 0 , u 1 ) < ε for all (u 0 , u 1 ) ∈ A, we have dist(S t A, W t A) < ε, which proves the asymptotic compactness.
However, there are additional difficulties when proving asymptotically compact because M ( ∇u 2 ) is nonlinear. To overcome the difficulty, we utilize a especial method of decompose to verity the asymptotic compactness of problems (1.1)-(1.4) .
Firstly, let us define V t as the solution operator of the following problems: 
Moreover, for each bounded A ⊂ H 0 , (4.6) it is easy to obtain,
Multiplying above equation by v t + θv we get
Here we note that
(4.9)
From (4.6)-(4.9), there is a constant K > 0 such that
By Gronwall's inequality we can get
On the other hand, we have
12) and
(4.13)
From (4.11)-(4.13) we get, for some constant C > 0
The proof of Proposition 4.1 is completed.
Secondly, we now pass to the proof of the compactness of mapping W t = S t −V t . Clearly, if w is the first component of W t (u 0 , u 1 ), then its second component is w t and the function w satisfies the following problems:
Proof Fix an arbitrary bounded sequence (u
The first step is to show that for any p, 1 < p < q ≡ 2n n−2 (in the case n = 1, 2 choose any finite q > 2µ + 2), the sequences u k is precompact in 
for almost all t ∈ (0, ∞). By the interpolation inequality for almost all t, s ∈ (0, ∞) we have 19) where θ = q/p−1 q/2−1 ∈ (0, 1). The second factor at the right-hand side of (4.19) is bounded, and the first one vanishes as |t − s| → 0 uniformly in k. Thus (4.19) show that the functions u k are equicontinuous in C(0, ∞; L p (Ω)). So the sequence u k is precompactness in C(0, ∞; L p (Ω)). Fix two different integers i, j and observe that the function U = w ki − w kj satisfies We now majorize the right-hand side of (4.24). Firstly, using Schwarz's inequality and Young's inequality, we get the following four inequalities:
